We develop a method for integrating out the heavy Kaluza-Klein modes of scalar type as well as those of vector and axial-vector types, in a class of hard-wall bottom-up approaches of holographic QCD models, including the Dirac-Born-Infeld and Chern-Simons parts. By keeping only the lowestlying vector mesons, we first obtain an effective chiral Lagrangian of the vector mesons based on the hidden local symmetry, and all the low-energy constants in the HLS Lagrangian are expressed in terms of holographic integrals and, consequently, are fully determined by the holographic geometry and a few constants of mesons. We find that the Gell-Mann-Oakes-Renner relation is manifestly reproduced at the lowest order of derivative expansion. We also explicitly show that a naive inclusion of the Chern-Simons term cannot reproduce the desired chiral anomaly in QCD, and hence, some counterterms should be provided: This implies that the holographic QCD models of hard-wall type cannot give definite predictions for the intrinsic parity-odd vertices involving vector and axial-vector mesons. After integrating out the vector mesons from the HLS Lagrangian, we further obtain the Lagrangian of chiral perturbation theory for pseudoscalar mesons with all the low-energy constants fully determined.
I. INTRODUCTION
Holographic QCD (hQCD), based on the gauge/gravity duality [1, 2] , has provided a novel approach to the low-energy dynamics of the strong interaction [3] [4] [5] [6] (for a recent review, see, e.g., [7] ). In such an approach, the hQCD action is often written in five-dimensional anti-de Sitter space (AdS), so it is called AdS/QCD. The five-dimensional bulk fields, which satisfy the classical equations of motion, at the ultraviolet (UV) boundary serve as the sources of the QCD generating functionals of the connected Green functions in four-dimensional space-time, while their infrared (IR) boundary conditions (BCs) give rise to the discrete and infinite Kaluza-Klein (KK) tower of normalizable modes, which correspond to the infinite number of hadrons of QCD in the large N c limit.
In contrast to the large N c physics expanded in terms of an infinite tower of hadrons, the low-energy dynamics of real-life QCD should be described by some specific effective theories, in which the dynamical degrees of freedom, appropriate only to the low-energy region, are included, with the effects from heavier resonances fully integrated out. For example, for describing the mesonic physics below O(100) MeV, it is sufficient to take into account only pseudoscalar mesons, arising as the pseudo Nambu-Goldstone bosons (NGBs) associated with the spontaneous breaking of chiral symmetry. However, if the interesting scale is at O(1) GeV, the lowest-lying vector mesons, in addition to the pseudoscalar mesons, should be present in the effective theory.
The purpose of this paper is to make a direct link between the hQCD, including an infinite number of QCD hadrons and low-energy effective theories described only by low-lying mesons in four-dimensional space-time, such as chiral perturbation theory (ChPT) of pseudoscalar mesons [8] and chiral effective theory of vector mesons based on the hidden local symmetry (HLS), which includes the vector mesons in addition to the pseudoscalar mesons [9] (for reviews, see Refs. [10, 11] ).
Actually, in Refs. [12, 13] , the authors proposed a gauge-invariant methodology for integrating out the infinite tower of vector and axial-vector fields arising from hQCD models of the top-down approach such as the Sakai-Sugimoto model [3, 4] , without bulk scalar fields, by regarding an infinite tower of the vector and axialvector mesons in the hQCD model as a set of gauge bosons of HLSs [14] . The hQCD models were then reformulated in terms of the ChPT having the HLS (HLSChPT) [11, 15] described by the NGBs, and the ρ meson and its flavor partners.
In the present study, as an extension of the work in Refs. [12, 13] , we propose a gauge-invariant procedure for integrating out the infinite towers of scalar and pseudoscalar fields, in addition to vector and axial-vector fields, from hQCD models: The resultant effective theory is reformulated as the HLS-ChPT. To be concrete, we employ bottom-up hard-wall-type of models such as those discussed in Refs. [5, 6] for QCD and [16] for applications to both QCD and other strongly coupled gauge dynamics. Our method is also applicable also to other types of hQCD models.
Compared to the Sakai-Sugimoto model, the most re-markable feature in models with bulk scalars is the inclusion of the effect of the explicit breaking of chiral symmetry via the current quark masses, which is encoded in the vacuum expectation value (VEV) of the bulk scalar. Thus, the method presented in this paper is highly nontrivial and valuable and makes it more straightforward to give holographic predictions in terms of the well-established chiral effective theories, ChPT or HLS-ChPT, including the effect from the explicit breaking of chiral symmetry. After integrating out the heavy KK modes from hQCD models and keeping only the NGBs and the lowestlying vector mesons, we arrive at the chiral effective theory of pions and vector mesons, HLS-ChPT, up to the O(p 4 ) terms, based on the derivative expansion which follows from the appropriate chiral-order counting rule. One thus automatically reproduces the GellMann−Oakes−Renner (GOR) relation from the O(p 2 ) terms of the HLS-ChPT reduced from hQCD models, which are appropriately affected by the O(p 4 ) terms as in the case of the ChPT/HLS-ChPT. The low-energy constants of the HLS-ChPT are actually expressed in terms of a few intrinsic quantities in hQCD models, which can be controlled by the equations of motion of the fivedimensional fields and some empirical values. Therefore, our procedure will provide a systematic way to estimate the low-energy constants of HLS-ChPT and consequently compute some physical quantities by using the HLS Lagrangian, including all the contributing terms up to O(p 4 ). We also find another remarkable observation regarding the intrinsic parity (IP)-odd sector at the O(p 4 ) level: Because of the presence of the IR boundary in the case of hard-wall-type models, not only the Chern-Simons (CS) term but also certain counterterms have to be taken into account in order to correctly reproduce the desired chiral anomaly in QCD. As one concrete sample, we present an explicit form of the counterterms, which, however, does not turn out to be a unique choice.
By integrating out the KK modes, keeping only the ρ meson (and its flavor partners), the CS term (plus the counterterm) is reduced to the IP-odd part of the HLS-ChPT, which is constructed from the (covariantized) Wess-Zumino-Witten term [17] plus HLS/chiralinvariant terms [18] 1 . The coefficients of the HLS/chiralinvariant terms are then represented fully in terms of the holographic integrals, though those coefficients are not uniquely fixed by the hQCD model itself because of the ambiguity in the choice of the counterterm: The hQCD models of hard-wall type cannot give definite predictions for IP-odd vertices involving vector and axialvector mesons.
We further integrate out the lowest-lying vector mesons from the HLS Lagrangian to reach the ChPT, 1 Similar invariant terms were discussed in [19] based on a different treatment of ρ meson field.
including terms up to O(p 4 ) [20, 21] . By this procedure, the low-energy constants of the ChPT Lagrangian are expressed in terms of the parameters of the hQCD models. We then find that the low-energy constants L 9 and L 10 in the ChPT Lagrangian satisfy L 9 + L 10 = 0, leading to a vanishing pion axial-vector form factor, denoted as F A by the Particle Data Group [22] .
The exploration of chiral effective theories from bottom-up hQCD models has so far been performed by several authors, such as those in Refs. [23, 24] . In these analyses, the bulk scalar fields are not present so the effect of the explicit breaking of chiral symmetry via the current quark masses is not included. As for the IP-odd terms, in Ref. [24] the CS term has been discussed in the bottom-up hard-wall model; however, the effect of the IR BC was not pointed out. In Ref. [25] , the authors argued that, to reproduce the exact IP-odd action responsible for the πγ * γ * coupling in four dimensions, a counterterm should be added to the original CS term to eliminate the surface term at the IR boundary. In contrast, in the present work we present a complete expression for the counterterms, including the IP-odd part written in terms of five-dimensional gauge fields, not restricted to specific terms like πγ * γ * , though the IP-odd part involving vector and axial-vector mesons is not uniquely fixed.
This paper is organized as follows: In Sec. II we explicitly show how the chiral symmetry and HLS are incorporated in hQCD models and then perform the KK decomposition for the bulk fields so as to reduce the hQCD model to four-dimensional gauge theory, including the infinite tower of the KK modes. In Sec. III we derive the IP-even part of the HLS-ChPT from the Dirac-BornInfeld (DBI) part of the hQCD model. In Sec. IV the IP-odd part is also integrated out from the CS term, and the necessity of the counterterms for the IR value of the CS term is proposed. In Sec. V the reduction to the ChPT is performed, and the implications of the lowenergy constants of the ChPT Lagrangian are discussed. Our summary is given in the last section.
II. PRELIMINARY FOR THE INTEGRATING-OUT PROCEDURE
Let us start from certain types of hQCD models, such as the ones proposed in Refs. [5, 6] and their modifications [16, [26] [27] [28] . These models are constructed in five dimensions with geometry ds 2 = a 2 (z)(η µν dx µ dx ν − dz 2 ) where the fifth direction z is confined in a finite interval z UV < z < z IR (hard-wall type) and a(z) is the warping factor in five dimensions.
The field content in the hQCD model includes the gauge fields L M and R M (M = µ, z) for the local U (N f ) L × U (N f ) R flavor symmetry in five dimensions, with N f being the number of flavors, and a bulk scalar field Φ S , which is dual to the chiral condensate. Generally, the model has the form constructed from the DBI and CS parts:
Up to the quadratic order of the bulk fields, a generic form of the gauge-invariant DBI part is written as
where 1/g 2 5 denotes the gauge coupling in five dimensions and g = det g MN = a 10 (z). In Eq. (2), the covariant derivative is defined as
and the field strength tensor is
and similarly for R MN . According to the holographic dictionary, the bulk scalar mass m ΦS is related to the conformal dimension ∆ of the corresponding operator in the dual gauge theory through [2, 29] 
with L being some characteristic length scale of the holographic model, e.g., the AdS curvature radius in the case of the AdS background. The CS term is written, in terms of differential forms, as
where M 4 denotes the manifold of the four-dimensional Minkowski space and
for V = L, R.
A. Emergence of chiral symmetry
First we explicitly show how the chiral symmetry of QCD is realized in the hQCD models.
We begin by choosing the following UV boundary condition (BC) for the five-dimensional left-and right-gauge fields 2 :
This boundary condition is not changed by the gauge transformation with respect to g L,R (x, z) satisfying
which can be checked by noting the gauge transformation laws for the five-dimensional gauge fields
This implies that there is a global symmetry at the UV boundary, which is identified with chiral symmetry in four dimensions. Thus, chiral symmetry emerges from generic hQCD models.
In the action (1), the bulk scalar field Φ S transforms under the five-dimensional gauge symmetry as
so that the UV boundary field of Φ S also transforms under the residual chiral symmetry in four dimensions associated with g L,R (x, z) at the UV boundary. The chiral symmetry is thus spontaneously broken down to the diagonal vector U (N f ) V symmetry when Φ S acquires a nonzero VEV, and hence the associated NGBs emerge in the model.
B. Manifest realization of hidden local symmetry
Next we show that HLS, as well as chiral symmetry, actually emerges in the hQCD models. For that purpose, it is convenient to work in the gauge
where the superscript g specifies the fields after the gauge fixing. This gauge fixing can be realized by a gauge transformation with respect to the transformation matrices [see Eq. (10)],
where the symbol P denotes the path-ordered product. It should be noted that, although the five-dimensional gauge is now completely fixed, the action is still in-
transformations which do not affect the gauge fixing in Eq. (12) . By writing the four-dimensional transformation matrices asg L, 
This
R symmetry is nothing but the (generalized) HLS. Thus, the HLS has manifestly emerged from the hQCD models, while chiral symmetry appears to be "hidden" in Eq. (14): Looking at the UV boundary values for the left-and right-gauge fields,
where
one finds that these fields transform as
in which g L and g R denote the transformation matrices regarding the global chiral
We further fix the gauge degree of freedom corresponding to the axial part ofg L andg R to keep only the vector part, h(x), ofg L andg R 3 . After this gauge fixing we express the bulk fields
gg L and ξ gg R , respectively. We then find that these fields transform under the residual vectorial HLS regarding h(x) as
3 By using L (14), after KK mode expansion as discussed below, one could straightforwardly derive the chiral effective theory based on the generalized HLS approach. Instead of proceeding along such a generalized HLS, in the present study we focus on reduction of hQCD models to the HLS.
Under this gauge fixing, the UV boundary conditions in Eq. (15) are changed to
By using ξ gg L and ξ gg R one can construct the chiral field U as
where π denotes the NGB fields and F π the associated decay constant. The chiral field U transforms in the standard manner as
Thus, we can construct the chiral effective theory which is invariant under the HLS, h(x), reduced from hQCD models.
C. KK decomposition
Let us next perform the KK decomposition for the bulk fields L 
Note that the vector field V 
which transform under the HLS as
The expressions of KK decomposition for V gg µ and A gg µ thus take the form
where a set of wave functions {ψ
A n } has been introduced with the UV boundary conditions:
In Eq. (26) we have introduced the massive KK mode fields V gg(n) µ and A gg(n) µ which transform under the HLS as
The zero mode wave function ψ A 0 is determined by solving the eigenvalue equation derived from the action Eq. (2),
is the VEV of the bulk scalar field Φ S which will be given later. The eigenvalue equation (29) could be solved by considering the BCs
in which the IR BC has been set so as to eliminate the IR value of the axial-vector fields in the action as done in Ref. [6] . Similarly, from the action Eq. (2), we obtain the eigenvalue equations for the massive KK mode wave functions {ψ
with the BCs
where the vanishing IR boundary values for the massive KK fields have also been taken into account. Note that the HLS transformation properties for V gg µ (x, z), α gg µ and V gg(n) µ in Eqs. (22), (28) and (25) constrain the wave functions ψ V 0 and ψ V n as follows:
which allows us to rewrite the KK decomposition form of V µ (x, z) in Eq. (26) as
Let us turn to the KK decomposition for the scalar sector. The bulk scalar field Φ gg S can be parametrized by the scalar and pseudoscalar fields, S gg (x, z) and P gg (x, z), as
where v S (z) denotes the VEV of the bulk scalar in the chiral limit, related to the chiral condensate, which corresponds to the normalizable solution of the equation of motion for Φ 0 S (z) = Φ S (x, z) :
For simplicity, the v S (z) is assumed to be N f -flavor diagonal, ∝ 1 N f ×N f , and the explicit expression will be specified once the warp factor a(z) is fixed. According to the holographic recipe, the non-normalizable solution of Eq.(36), which we write as u S (z), serves as the source terms (χ S , χ P ) for the scalar and pseudoscalar currents at the UV boundary. The u S (z) is thus embedded in the UV BCs of the bulk fields S gg (x, z) and P gg (x, z) as follows:
When the warping factor a(z) is chosen in such a way that the metric asymptotically goes like the AdS, one can see that u S (z) has the following UV asymptotic form:
Note that the UV boundary values χ S and χ P play the role of spurion fields corresponding to the sources of the scalar and pseudoscalar currents with scaling dimension ∆, which can be expressed by M, the current-quark mass matrix accounting for the explicit breaking of the chiral symmetry, as
In particular, the scalar spurion field χ S can be expanded in terms of the current quark masses m q and the NGB fields as
The S gg (x, z) and P gg (x, z) can thus be expanded in terms of their KK modes S gg n (x) and P gg n (x) as
(37), the wave functions ψ S n and ψ P n satisfy the normalizable UV BCs:
and the IR BCs are to be determined when an IR boundary potential for the bulk scalar field is specified, for example, as in the model proposed in Ref. [30] .
D. Gauging chiral symmetry
The external gauge fields coupled to quark currents in QCD can be incorporated by gauging the global chiral symmetry. Because the UV boundary values of the fivedimensional bulk fields are set to the sources in QCD, introducing the external gauge fields just modifies the zero mode fields α 
with R µ and L µ being the external gauge fields for U (N f ) R and U (N f ) L , respectively. The HLS transformation laws for these modified 1-forms do not change from those given in Eq. (25) .
III. THE IP-EVEN PART OF THE HIDDEN LOCAL SYMMETRY LAGRANGIAN
We next explicitly derive the IP-even part of the HLS Lagrangian up to O(p 4 ) from the DBI part of the hQCD model in Eq. (2). In the L z = R z = 0 gauge the DBI part in Eq. (2) is expressed in terms of the vector and axial-vector gauge fields V gg µ and A gg µ as
Following the gauge-invariant procedure proposed in Ref. [13] , we shall integrate out the KK fields to reduce the DBI action Eq.(45) to the HLS action in terms of the derivative expansion of the pseudoscalar meson and the lowest-lying vector meson fields up to chiral order O(p 4 ). The resultant form should be the same as that constructed from the general phenomenological consideration [11, 15] with a single trace, which is consistent with the large N c limit 
In order to perform the integrating-out procedure, we make the chiral order counting rule in the derivative expansion as follows:
which is the same rule as that in the HLSChPT/ChPT [11, 15] . We identify the lowest KK vector field V gg(1) µ (renamed V µ ) as the lowest-lying vector mesons, ρ and its flavor partners. Using the KK decomposition formulas in Eqs. (26) and (34), we thus solve the equations of motion for the heavier vector and axialvector fields V gg(n≥2) µ and A
gg(n≥1) µ
and expand them in powers of derivatives as
From these we may write the five-dimensional gauge fields V gg µ (x, z) and A gg µ (x, z) in Eq. (26) in the form
For the bulk scalar Φ gg S , we may introduce an IR potential (which will not be specified here) to realize its nonzero VEV of Φ gg S even in the chiral limit [6] and allow the scalar and pseudoscalar KK modes S gg n (x) and P gg n (x) to get the stabilized masses m S gg n and m P gg n . Following the order counting rule in Eq.(50), we thus expand the bulk scalar and pseudoscalar sectors as
Here, the IR boundary terms for S gg n and P gg n have been fully eliminated by imposing some IR BCs (as done in [30] ), which are not specified here. From the action in Eq.(53) we derive the equations of motion for S gg n and P gg n to find the solutions
with
for an arbitrary function A(z). In arriving at Eq.(55) we used the equation of motion forα µ⊥ derived from the generic HLS Lagrangian Eq. (47),
By putting the solutions in Eqs. (51) and (55) back into the DBI action, Eq. (45), we thus find
Consequently, the coefficients of terms in the general HLS Lagrangian L HLS given in Eq. (47) are now expressed by the hQCD model quantities written in terms of the integrals over the z direction (for convenience and simplicity, we have redefined ψ
6 Using the equation of motion for ψ A 0 in Eq. (29), with the BC,
, which is in agreement with the chiral-limit expression obtained in Ref. [5] with a(z) = 1/z.
Note the absence of the w 3 term because we have assumed flavor symmetry, i.e, v S ∝ 1 N f ×N f , in which case there is no coupling between the bulk vector field and the scalar VEV in the original action Eq. (45). If the flavor symmetry breaking effect was taking into account, we would have nonzero w 3 . Using the expressions of the low-energy constants of HLS given in Eq. (61), one can compute the numerical values which are useful for phenomenological applications. To do this, we need to specify the IR potential of Φ S , for example, like the one proposed in Ref. [30] . We leave such a concrete model calculation for future work since the present subject is to propose a procedure to obtain the chiral effective theories from hQCD models.
The normalizable solution of the VEV, v S (z), can be obtained by solving Eq.(36) with Φ 0 S (z) = v S (z) along with the normalizable BC,
where ξ denotes the IR value of v S (z) which is related to the chiral condensate. (We take ξ to be negative so as to have the negative chiral condensate< 0.) Note that the UV BC in Eq. (62) follows from the parametrization of Φ S in Eq. (35) with the BC in Eq. (37).
To be specific, we take the standard AdS space, i.e., a(z) = L/z, to explicitly solve the equation of motion, Eq.(36). The explicit expression of the function u S (z) is then given as the non-normalizable solution of Eq.(36), which turns out to be u S (z) = (z/L) 4−∆ . This leads to
Substituting the solution given by Eq. (63) into the (BF 2 π ) term in Eq. (61), we obtain
On the other hand, by using the functional derivative, we may identify the chiral condensateas
The holographic correspondence between the QCD generating functional and the hQCD action then yields
Consequently, the BF
Taking N f = 2 and expanding the ξ gg L,R fields in χ S , we thus see that at the O(p 2 ) level the GOR relation is manifestly realized as
in agreement with Refs. [5, 30] . The GOR relation, of course, gets corrections from terms of O(p 4 ) [31] in a proper manner, as in the ChPT.
If one worked on a metric other than the AdS, a similar discussion could be done once the warping factor a(z), the associated the non-normalizable solution u S (z), and the normalizable one v S (z) are specified.
IV. THE IP-ODD SECTOR OF THE HIDDEN LOCAL SYMMETRY LAGRANGIAN
We next move on to the CS term in Eq. (6) and attempt to integrate out the heavy KK modes to obtain the IPodd sector of the HLS Lagrangian [11, 18] .
Before making the explicit integrating-out procedure, we first consider the gauged-chiral transformation of the CS part in Eq. (6) with the infinitesimal parameters Λ L,R :
where the first term exactly reproduces the desired chiral anomaly in QCD, while the second term gives an extra contribution. To cancel it, one needs to add a counterterm S counter which satisfies
(70) We next explicitly determine the counterterm in the L z = R z = 0 gauge. In this gauge the CS term takes the following form:
with the definitions
The definitions of g g R and g g L in Eq. (72) are given in Eq. (13) .
The first term in Eq. (71) can be rewritten into a total derivative independent of gauge configuration. Since g term is identical to the Wess-Zumino term
The S
CS term in Eq. (71) is evaluated as
Combining all three terms in (71), one thus finds the CS term takes the form
where Γ WZW stands for the (covariantized) WessZumino-Witten term [17] . Γ inv HLS denotes the HLS/chiral invariant term [13] expressed as
where "nonzero" means terms including at least one massive vector or axial-vector field. The last term, Γ IR , in Eq. (76) gives an extra contribution to the π 0 -γ-γ vertex which is controlled by the low-energy theorem of chiral dynamics. Through explicit calculations, we obtain
To cancel this term, we introduce a counterterm Γ c in such a way that
We shall now integrate out the heavier vector and axial-vector meson fields from the CS term, except the lowest-lying vector meson fields, in a way similar to the DBI part. For this purpose, all we should do is fix the gauges except for the HLS regarding the lightest vector meson ρ (and its flavor partners) and set the five-dimensional vector and axial-vector fields as V gg = α gg +α ψ 
We thus find
where the coefficients x i (i = 1, 2, 3, 4) are expressed in terms of hQCD quantities as
with the definition
for an arbitrary function A(z). The c 1 -c 4 coefficients in the literature [11] are expressed in terms of x i as
Actually, the overall coefficients of x 1 , x 2 , x 3 and x 4 (or c 1 , c 2 , c 3 and c 4 ) are different by a factor 2 from those reported in Ref. [13] based on the Sakai-Sugimoto model. This reflects the ambiguity in the subtracting scheme in Eq.(79), as will be argued later.
V. CHIRAL PERTURBATION THEORY FROM BOTTOM-UP HQCD MODELS
We may further integrate out the vector meson fields to derive the ChPT described only by the NGBs. Repeating the procedure done above and using the formulas relating the HLS to the ChPT given in Ref. [11] , we thus find
where the parameter B is determined by Eq. (66).
As previously mentioned, all the low-energy constants given in Eq. (87) can numerically be computed once an explicit expression of the bulk scalar potential is specified. However, even without specifying the bulk scalar potential, we can draw several interesting observations through our derivations:
= 0 and L 7 = 0 which are consistent with the large N c limit without the η ′ -exchange contribution to L 7 [20] .
• The ψ V 1 dependence in L i completely disappears in our integrating-out procedure. This can be understood by noting that our integrating-out procedure is equivalent to eliminating the massive KK modes, i.e., setting ψ • A holographic prediction L 9 + L 10 = 0 has been derived, which allows us to derive a new sum rule
where we make use of the following infinite-sum expressions for L 9 [i.e., charge radius of pion r
and L 10 (i.e., difference of vector and axial-vector current correlators Π V −A ),
with the V n and A n decay widths F Vn and F An , and the V n -π-π coupling constant g Vnππ . (A similar sum rule was derived in Ref. [23] from a hQCD model without bulk scalars. ) The holographic prediction (L 9 + L 10 ) = 0 gives a phenomenological implication: The pion axial-vector form factor F A vanishes, which is, however, disfavored by the experiments [22] . This point was first argued in Ref. [6] , on a holographic setup similar to the present hQCD with bulk scalars, which was only through a numerical estimate for L 9 and L 10 .
VI. SUMMARY
In this work, we proposed a gauge-invariant method to integrate out the heavy KK modes from a class of bottom-up hQCD models including bulk scalars. We integrated out heavy KK modes from the hQCD model to arrive at the chiral effective theory, HLS-ChPT, based on the derivative expansion, including the NGBs and the lowest-lying vector mesons ρ and their flavor partners. All the coefficients of the chiral effective theories were then expressed in terms of a few intrinsic quantities of hQCD models. The GOR relation was realized properly at the O(p 2 ) level of the HLS-ChPT reduced from the hQCD model.
We also found that, to reproduce the desired chiral anomaly in QCD, not only the CS term but also some counterterms should be included because of the nontrivial IR values of the five-dimensional gauge fields. The expressions of the counterterms were explicitly presented in terms of the five-dimensional gauge fields [Eq. (79)].
The counterterm Γ c introduced in Eq.(79) is actually not unique in canceling the extra contribution from the IR term Γ IR : It can involve terms invariant under the hidden local/chiral symmetry. This implies that the coefficients c 1 , c 2 , c 3 and c 4 in the HLS-invariant action Γ HLS are actually not determined from the present setup of the hQCD model. Instead, one needs some phenomenological (at least four) inputs to discuss the IPodd processes, including vector mesons, from the model. Once some phenomenological inputs are set, however, one could make some IP-odd vertices, calculated from the hard-wall hQCD model, better fitted to the experimental result, which cannot be achieved by other hQCD setups like the Sakai-Sugimoto model [13] .
We further integrated out the vector mesons from the HLS Lagrangian to arrive at the ChPT with the coefficients expressed in terms of the hQCD quantities. Through these expressions we found some interesting relations among the coefficients. Remarkably, the relation between L 9 and L 10 leads to the vanishing pion axialvector form factor F A = 0.
Finally, we emphasize that our expressions of the coefficients in the chiral effective theories can be quite useful for phenomenological applications in estimating quantities of low-energy QCD in terms of the well-established ChPT or HLS-ChPT parameters up to O(p 4 ). Note that the large amount of coefficients in the chiral effective theory cannot be determined phenomenologically at the moment, so our approach provides a way to compute the coefficients self-consistently without invoking such a large amount of inputs. As one application, one might think about the computation of the baryon and baryonic matter properties from mesonic theories, in which the O(p 4 ) terms are quite essential [32] [33] [34] . However, in Refs. [32] [33] [34] the current-quark mass effect is not taken into account since the mesonic theory used there is based on the Sakai-Sugimoto model which, at present, cannot go beyond the chiral limit. The master formulas presented in this paper make it possible to develop the analysis, as done in other references, by including the explicit breaking effect.
